Abstract -This paper describes torque production in a saturated switched reluctance motor (SRM). The paper begins by deriving the equations for torque if the SRM is unsaturated. It then develops an operating 'point model for torque in a saturated SRM using the unsaturated form of the torque equation. This results in a methodology which makes the control algorithms applicable to either saturated or unsaturated SRMs
I. INTRODUCTION
Switched reluctance motors (SRMs) have been the focus of much research over the past three decades.
With improvements in power electronics and microprocessors, this trend will continue to grow.
The smooth production of electromagnetic torque is a desirable characteristic of any motor. While smooth torque production has been achieved in dc and ac induction and synchronous machines, it has not, historically, been achieved by switched reluctance motors. Smooth torque production is a necessary, but not sufficient, requirement in order to achieve servo grade performance from a motor. Another necessary condition is dynamic torque control. Few researchers have focused on the dynamics of electromagnetic torque production in SRMs.
Typically, research has either focused on simple, practical solutions of control of the SRM or complex mathematical algorithms. Most of these techniques use only one phase at a time to produce the commanded torque. More recently, researchers have used torque sharing (or contour) functions to smoothly transition torque between two or more phases [ 1-71. All of these techniques require a method for the prediction of torque in each of the phases of the SRM. Most of these techniques are greatly simplified by first assuming an unsaturated SRM. It is the goal of this paper to present a generalized operating point model for torque in a saturated SRM using the unsaturated form of the torque equation.
TORQUE PRODUCTION IN SRMs
In any type of electromechanical device, an energy balance can be used to derive the mechanical work in terms of the input energy, the dissipated energy, and the stored energy. In a reluctance device, which has wire wound (or coiled) around a highly permeable material and a moveable part of highly permeable material, the mechanical work required to move the permeable material is the supplied electrical input energy minus the energy dissipated in the resistance of the coil minus the stored field energy. This is expressed mathematically as given in (1).
(1) dWmech = dWelec -dWf where dWmech is the differential output of mechanical energy is the differential input in electrical energy of the coil is the differential increase in stored magnetic energy dWelec dWf For one of the phases of an SRM, the electrical energy of the coil is given in (2):
Using Faraday's Law of induced voltage in a coil, (2) can be expressed as in (3).
Noting from the calculus of several variables that, given a function f(x,y), then:
af af df(x,y) = -dx + -dy .
ax ay
Two independent variables are necessary to describe the total energy of the system. These two independent variables are either flux linkage (integrated voltage) and movable armature position or current and movable armature position. In an SRM, the movable armature is the rotor, thus rotor position is always a state variable. The choice of flux linkage or current as the other state variable is arbitrary and each leads to expressions for torque in the SRM, as will be shown in the next two sections.
A. Torque Production in an SRM Using Flux Linkage and Rotor Positioiz as State Variables
The torque and stored field energy in an SRM can be expressed as a function of rotor position and flux linkage as follows. Assuming the current in the machine, as well as the 0-7803-5589-X/99/$10.00 0 1999 IEEE stored magnetic energy and the electrical energy, are functions of flux linkage and position, then the energy balance is given by (6).
The differential field energy can be expressed from (5) as given in (7). awf (h,e) awf(h,e) ah d h + ae de
Using (7) in ( 6 ) and noting that the differential amount of mechanical work is the instantaneous torque times the differential change in position, then (6) can be re-written as shoyn in (8).
Equating like coefficients in (8) gives the following two equations, (9) and (10).
Alternatively, (9) can be integrated to give an expression for the stored energy in the magnetic field for a given rotor position.
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This is shown graphically in Fig. 2 as the area bounded by the flux linkage axis and the curve of, flux linkage versus current. The value of current expressed in (9) is a differential, implying that the current is evaluated as the differential flux linkage tends toward zero. Fig. 1 shows that as the differential flux linkage tends toward zero, the differential stored energy tends toward a line (similar to a delta function) and there is a one-to-one mapping between this differential horizontal line of flux linkage and the current. The average torque is equal to the area enclosed by this change in stored field energy divided by the change in rotor position. The instantaneous torque is the differential area divided by the change in rotor position as the change in rotor positions tends towards zero.
B. Torque Production in an SUM Using Phase Current and Rotor Position as State Variables
In the previous section, the torque and stored field energy in an SRM were expressed as functions of rotor position and flux linkage. The independent variable, flux linkage, can be replaced by current as follows. Assuming the flux linkage in the machine, as well as the stored magnetic energy and the electrical energy, are functions of current and position, then the energy balance is given in (12). (12) It is common in reluctance actuator analysis to define a term known as co-energy. This term simplifies the analysis and is defined in (13). (13) (14) Solving (14) for dWf (i8) and substituting into (12) gives
Differentiating (1 3) gives (14).
From (5), the differential co-energy can be expanded to (16).
Again noting that the differential amount of mechanical work is the instantaneous torque times the differential change in position, and substituting (16) into (15) gives (17).
de (17)
Equating like coefficients in (17) gives the following two equations (18) and (19).
In a similar fashion as above, (1 8) expresses flux linkage as the differential of co-energy with respect to a differential change in current. As the limit of this differential current tends toward zero, the co-energy tends towards a line. Again, there is a one-to-one mapping between this vertical line and the flux linkage, as shown in Fig. 4 . .
Alternatively, (1 8) can be integrated to give an expression for the co-energy for a given rotor position as in (20). Equation (19) gives an expression for instantaneous torque in terms of the differential change in co-energy with respect to position, evaluated at a constant current. Fig. 6 shows the change in co-energy as a function of position with a constant current. The average torque is equal to the area enclosed by this change in co-energy divided by the change in position. I The instantaneous torque is the differential co-energy as the change in position tends toward zero.
OPERATING POINT TORQUE MODEL IN AN SRM USING FLUX LINKAGE AND ROTOR POSITION AS STATE VARIABLES
To begin the operating point analysis of the SRM in terms of flux linkage and rotor position, the expression for torque must first be derived for the linear portion of the flux linkage versus current curve. The heights of the two triangles are the corresponding currents, shown as i l and i2. The equation for torque for the linear magnetic case for one phase of the SRh4 in terms of the flux linkage and rotor position is given by (21) The relationship between flux linkage and current with reluctance is given by (22).
where N2
When the machine is not saturated, the inductance and therefore reluctance are no longer functions of flux linkage. They are still, however, functions of rotor position. Using (22) in (21) gives (23).
Having derived the torque in terms of the flux linkage and rotor position for the unsaturated case, an operating point model for torque as a function of flux linkage and rotor position needs to be derived. It is interesting to note that several researchers have stated that the expression for torque (23) was valid for any flux level, not just when the machine was unsaturated [1, 14] . Their torque control strategy was to determine flux linkage as a function of current and. invert this to get current as a function of flux linkage. The commanded flux linkage would be given by manipulation of (23) given in (24).
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Their assertion was that since the magnetic nonlinearities were modeled by the flux linkage term, then (23) was also valid for the saturated S R M . This is incorrect because the reluctance term is not just a function of position but is also a function of flux level. The torque obtained using the unsaturated torque equation (23) is shown as the light gray area underneath the actual torque. It is the triangular area bounded by the straight lines for the two different positions. Note that the area (and therefore torque) that the unsaturated equation predicts is larger than the actual area (torque) of the saturated SRM. This approach does not accurately predict the torque produced by a saturated S R M . This approach, however, has some merit. If an appropriate operating point reluctance derivative is formed, then the flux linkage can be solved for in terms of the commanded torque. The question which must be answered is what is the appropriate operating point reluctance derivative.
Assuming an operating point equation of torque given by (251, an operating point reluctance derivative is given by equating the torque expressions (10) and -(25). Solving for the operating point reluctance derivative gives (26).
Equation (26) ensures that for a given flux linkage, the area between the flux linkage versus current curves will be the same as would be obtained using (10). Since the torque over a given change in rotor position is equal to this area, (26) ensures that the torque will be correct at the given operating point, ho. Fig. 9 shows the areas obtained from the general torque equation and the operating point torque equation (25) are equal at the given flux linkage, ho, and for the given rotor position. 
Iv. OPERATING POINT TORQUE MODEL IN AN SRM USING

CURRENT AND ROTOR POSITION AS STATE VARIABLES
The unsaturated torque equation in terms of phase currents and inductance derivatives is commonly expressed as in (27).
This expression for torque can be derived from (19) and (20).
Assuming an unsaturated S R M , the flux linkage is no longer a function of current and can be expressed as (28). In order to find an appropriate operating point model, the same approach as described in section I11 is used. Assuming an operating point equation of torque given in (30),
h(0)
an operating point inductance derivative is given by equating the torque expressions (19) and (30). Solving for the operating point inductance derivative gives (3 1).
Equation (31) ensures that for a given phase current and change in rotor position, the area between the flux linkage versus current curves will be the same as would be obtained using (19). Since the torque over a given change in rotor position is equal to this area, (31) ensures that the torque will be correct at the given operating point, io. Fig. 10 shows graphically the actual torque produced for a saturated SRM at a given current, io, overlaid on top of the torque obtained using the unsaturated torque equation (27). The actual torque is the area bounded by the flux linkage versus current curves for the two different positions and the vertical line at the constant value of current, io. The torque obtained using the unsaturated torque equation (27) is shown as the light gray area underneath the actual torque. It is the triangular area bounded by the straight lines for the two different positions. Note that the area (and therefore torque) that the unsaturated equation produces is smaller than the actual area (torque) of the saturated SRM because the unsaturated model approximates the area with straight lines from the origin to the given operating point flux linkage. Equation (3 I ) predicts the correct inductance derivative in order to produce the same average torque that the general torque equation (19) predicts. Fig. 11 shows the areas obtained from the general torque equation and the operating point torque equation (31) are equal at the given current, io, and for the given rotor position. However, the change in rotor position has increased for the same current level in order to achieve the same area, and is shown as 0; and 0;. The area is equal to the mechanical energy. Since the mechanical energy is the product of the average torque and the change in position, and the torque decreases as the SRM saturates, the change in position has to increase in order for the product to remain constant. An alternative way to view the operating point inductance derivative is to constrain the change in position to be constant, shown graphically in Fig. 12 . The current using the operating point model, i A, is larger than the current used by the general model in order to produce a given amount of torque. Fig. 12 shows that the commanded current must be increased from its nominal value for a commanded torque when using the operating point torque equation (30). The current must be increased for a commanded value of torque because of the operating point equation. The form of the operating point equation is the same as the unsaturated torque equation. As the machine saturates, the torque per amp (or torque per amp squared as it is commonly described) decreases. To compensate for this, the current must be increased.
V. MODELING OF A SATURATED SRM When the SRM is not saturated, the flux linkage in a given phase varies linearly with current in the given phase. The slope of this linear variation is the inductance. As the current is increased in a given phase, the iron begins to saturate and the flux linkage no longer varies linearly with current. Fig. 13 shows a typical normalized flux linkage versus current curve for an SRM.
In order to accurately model the saturated SRM, the torque has to be expressed as a nonlinear function of flux linkage or current and rotor position. This is accomplished by use of the flux linkage versus current curves at different rotor positions as shown in Fig. 13 . Using current and position as the state variables, the torque is evaluated in terms of the general torque equation (19) and the co-energyk evaluated by (20) .
The flux linkage versus current curves are either measured or calculated using a finite element method analysis. Once the flux linkage versus current curves are obtained, a functional representation of co-energy must be derived. There are several methods to approximate the co-energy as a function of current and position. It is beyond the scope of this paper to evaluate each of these methods. The simplest method, however, is to curve fit the flux linkage versus current for a given rotor position. Then, a curve is fitted to each of these flux linkage versus current curves with respect to rotor position in order to get the co-energy as a function of two variables, current and position. This co-energy function is then differentiated in order to get a representation for torque as a function of current and position using (19). Fig. 15 shows normalized plots of the spatial derivative of co-energy (which is equal to torque) versus rotor position at various current levels. The aligned position of the rotor and stator poles for the given phase corresponds with zero electrical degrees in Fig. 15 . As the rotor position increases, the torque is negative because the reluctance force tends to pull the rotor back toward alignment. 
VI. EXPERIMENTAL RESULTS
The operating point inductance derivative of section V was used with the control strategy discussed in [7, 12] . This control strategy with the operating point model was tested on a 10 hp Oulton SRM. Fig. 17 shows the measured flux linkage vs. current plot for the Oulton SRM from which it can be seen that this machine starts to saturate at approximately five amps. Fig. 18 shows the measured and curve fit operating point inductance derivative curves for the SRM. Curve fitted unsaturated inductance derivative curves are superimposed in Fig. 18 to illustrate the reduction in the equivalent (operating point) inductance derivative with current. This is an effective reduction in torque per amp when the machine saturates. Fig. 19 shows plots of the torque signal for the Oulton SRM. The top trace is the torque produced by the SRM with square wave excitation. The middle trace shows the torque produced using the rotating vector methods described in [7, 12] using the measured unsaturated inductance derivative values. The bottom trace uses the iterative rotating vector methods described in [7] . This method uses the operating point inductance derivative in order to calculated the currents necessary to reduce torque ripple in the saturated SRM.
It is clear from Fig. 19 that the torque ripple is significantly reduced using the operating point inductance derivative described in this paper.
-g 100- VII. CONCLUSIONS This paper has presented an analysis of torque production in SRMs. Torque was defined in two ways: 1) in terms of rotor position and current and 2) in terms of rotor position and flux linkage. A graphical interpretation was provided for both forms.
A correct operating point torque expression for a saturated SRM was derived based on the unsaturated SRM for both cases. A graphical interpretation was provided to show correct calculation methods and potential errors.
The operating point method was applied to a highly saturated commercial SRM to validate the correctness of the methods presented here.
This analysis allows SRM torque control strategies based on the unsaturated torque equation to be implemented on a saturated machine via a correct operating point model.
